Abstract. In this paper, it is remarked that BZ lattice structures can recover several theoretical approaches to rough sets, englobing their individual richness in a unique structure. Rough sets based on a similarity relation are also considered, showing that the BZ lattice approach turns out to be even more useful, since enables one to define another rough approximation, which is better than the corresponding similarity one. Keywords: topological operators, BZ lattices, similarity approximations
Introduction
The main goal of this second part can be summarized in the slogan: against theoretical defragmentation in investigating a particular field of research. To be a little bit more precise, there could be the case that a scientific community studies its own arguments of interest treating them by several different points of view, each formalized by a particular formal theory (the fragments of the involved research). Each fragment furnishes a lot of results, but sometimes the unification of the various fragments under a unique point of view recover all the original results of each of them but furnishes some more pregnant theorem which allows one to enter in a deep knowledge with respect to the considered field.
A similar situation might occur in the case of rough theory if it is claimed that there are a lot of different abstract approaches to roughness quoting for instance Boolean complete lattices and topological closure spaces, and considering the BZ approach as another fragment at the same level of the others. In this second part we show that on the contrary the BZ approach furnishes a unified context of these fragments, playing in the rough context the same role of unification played by Banach space with respect to the fragments of vector spaces and metric spaces.
(subsection 2.3 of part I). The Pawlak approach to rough set theory based on a universe X equipped with an equivalence relation R is a concrete model of these structures. Anyway, Pawlak rough approximation spaces satisfy some further characteristic properties which lead to investigate stronger structures with respect to the above considered ones. From the methodological point of view resting in weaker environments assures the immediate validity of the general results, but has the withdraw that some, probably deeply relevant, information could be definitively lost. Thus, in this section, we study from an abstract point of view another structure (introduced in [2] ) based on two weak forms of negation and analyze its relation with interior-closure spaces. Definition 2.1. A system Σ, ∧, ∨, ′ , ∼ , 0, 1 is a Brouwer Zadeh (BZ) lattice iff the following properties hold:
In other words for arbitrary a, b ∈ Σ: (B1) a ∧ a ∼∼ = a (equivalent to the weak double negation law: a ≤∼∼ a);
The two complementations are linked by the interconnection rule:
(in) a ∼∼ = a ∼′ A Brouwer Boolean (BB) lattice is a BZ lattice in which condition (i) is enriched by the requirement that the involved structure is a Boolean lattice.
Trivially, according to the definition and results of [1] any BZ lattice is a pre-BZ lattice too, and consequently it gives rise to an interior-closure space, once defined the interior and closure respectively as a o = a ′∼ and a * = a ∼′ . But, differently from the general case, in these BZ structures the families of inner and outer definable elements coincide: L(Σ) = U(Σ) . As to the categorical equivalence with respect to some closure operator we must introduce a modified version of closure (resp., topological closure) operator according to the following. Definition 2.2. A pseudo closure operator is a mapping * : Σ → Σ which satisfies the following conditions for arbitrary a, b ∈ Σ:
A pseudo closure is a closure tout court if condition (sC3) is substituted by the (weaker) condition:
A pseudo closure or a closure operator is said to be topological if in condition (C4) the inequality ≤ is substituted by the identity =.
In [3, p.673 ] (see also [4, 5] ), it is shown that any pseudo closure (resp., pseudo topological closure) operator is a closure (resp., topological closure) operator too. The inverse does not generally hold.
Generalizing a notion introduced in [3] , in [6] a Kleene lattice equipped with a pseudo topological closure operator has been called generalized Lukasiewicz algebra. This being stated, we have the following result. 
It is easy to verify that the usual Pawlak approach to rough sets is a concrete model of a BZ structure based on a Boolean algebra, i.e., a BB lattice. Hence, it satisfies all the above properties, plus some stronger condition, such as the Stone condition ∀a ∈ Σ, a ′ ∨ a * = 1. Summarizing, a Brouwer Zadeh (resp., Boolean) complete lattice is an algebraic structure which contains (and summarizes in an equivalent way) the richness of the following structures (fragments):
(P1) It is a Kleene (resp., Boolean) complete lattice. (P2) It is a pseudo topological closure space, and so a fortiori also a topological (or Kuratowski) closure space. A similar discourse can be done for duality with respect to the interior.
Quasi BZ lattices and induced rough approximation
The relationship among interior-closure spaces, BZ lattices and rough sets becomes more complex when considering similarity rough sets, i.e., rough sets based on a tolerance relation [7, 8, 9, 10] instead of an equivalence one. In such a case, the upper (resp., lower) approximation map is not a closure (resp., interior) operator since it is not idempotent. Indeed, as a consequence of the fact that the collection of exact sets E(X) is a covering and not a partition of the universe X, the lower and upper approximation maps satisfies only the weaker properties (see [10, 11] 
Thus, an algebraic approach of similarity rough sets cannot rely on topological operators but must be given in a different environment. To this purpose, in the following of this section we are going to study quasi BZ lattices. In this context, the mappings a o = a ′∼ and a * = a ∼′ can be considered, in some sense, as approximation operators because for every element a ∈ Σ the following order chain a o ≤ a ≤ a * holds. However, in general, they do not satisfy the idempotent property, but only the following weaker condition:
and a * ≤ a * * (3.1)
As a consequence, it can be stated that -the two operators a → a o and a → a * satisfy conditions (3.1) and thus in general they cannot be considered as inner and outer operators respectively. According to the categorical equivalence quoted in the part I, on their basis it is impossible to construct a rough approximation space satisfying the requirements about the inner and the outer approximations of any approximable element (see [12, 1] ); -from another point of view, it is impossible to define an abstract rough approximation space based on the set of inner (resp., outer) exact elements
However, it is possible to define another kind of rough approximation by a pair of mappings which turns out to consist of a real interior and closure operator [13, 11] . In quasi BZ lattices the operator i (resp., c) is not multiplicative (resp., additive), i.e., it is not topological (Kuratowski) operator. Furthermore, in general it does not hold the property c(c ′ (a)) = c ′ (a) characterizing pseudo closure operators.
The above considerations and the equivalence of closure-interior spaces with rough approximation spaces lead to say that the structure Σ, O(Σ), C(Σ) is a real rough approximation space according to [1] , where O(Σ) (resp., C(Σ)) is the set of open (resp., closed) elements.
Considering again the approximation based on the operators a o and a * , it can be seen that it associates to any approximable element a ∈ Σ the closed-open pair r m (a) = a o , a * ∈ C(Σ)×O(Σ). The major drawback of this approximation is that it is worst than the corresponding one based on the interior i and closure c operators, r(a) = i(a), c(a) , in the sense that it captures less information about approximable elements. In fact, the following order chain holds for any element a ∈ Σ:
and so the rough approximation of a by the pair i(a), c(a) is always better than the one obtained by the pair a o , a * . Let us remark that in BZ lattice we do not have this pathological behavior since the two rough approximations coincide, i.e., a o = i(a) and c(a) = a * . Coming back to the case of a concrete Information System, the opposite of a similarity relation is a preclusive relation, i.e., an irreflexive and symmetric relation, which we denote by #. Using this relation, it is possible to define for any subset H ⊆ X its preclusive complement as H # := {x ∈ X : ∀y ∈ H (x#y)}. We remark that, in the context of modal analysis of rough approximation spaces, the operation # is called sufficiency operator [14] . In [13] it has been proved that the structure P(X), ∩, ∪, c , # , ∅, X , based on the power set P(X) of the universe X is a quasi BZ (Boolean) lattice. Thus, for any subset H ⊆ X, it is possible to define its preclusive rough approximation
In this framework, the rough approximation based on the similarity relation obtained by logical negation of the preclusive one, can be expressed by the preclusive operator # (and the usual set theoretical complementation) according to the following: L(H) = H c# and U (H) = H #c . Hence, applying to the present case equation (3.2), we can conclude that the preclusive approximation is always better than the corresponding similarity one:
Conclusions
As a consequence of the above discussion, we can claim that in studying the approach to rough sets from an abstract point of view BZ structures are very relevant, at least as a compact form containing a lot of different other algebraic structures as summarized in points (P1) and (P2). In this way a unified very useful environment handy to use for further theoretical investigations is given and schematized in the following diagram.
Rough App. Space ⇐⇒ de Morgan Closure Space ⇐⇒ pre BZ Lattice ⇑ ⇑ Kleene pseudo Closure ⇐⇒ BZ Lattice ⇑ BB Lattice where the abstract framework of the usual Pawlak approach corresponds to the third line, the stronger BZ environment. Indeed, moving from the bottom to the top we pass from a stronger to a weaker situation schematized by the symbol ⇑.
Further, when considering the geralizition to tolerance rough sets, the BZlike structure has the advantage to capture the usual approximations as well as a better one, based on preclusivity, and made of a pair of really interior and closure operators As a conclusion, we want now to point out some considerations.
(MT1) As stressed in the introduction, the fact that this algebraic structure is categorically equivalent to a very strong version of closure de Morgan lattice does not allow one to give some priority to one of them with respect to the other one. (MT2) The BZ structure is very reach to inglobe a lot of other well known structures. A structure is valid for the powerful of its results and applications, and must (or should) be judged prevalently (if not exclusively) from this point of view.
